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ABSTRACT
Kaluza-Klein sphere reductions of supergravities that admit AdS×Sphere vacuum so-
lutions are believed to be consistent. The examples include the S4 and S7 reductions of
eleven-dimensional supergravity, and the S5 reduction of ten-dimensional type IIB super-
gravity. In this paper we provide evidence that sphere reductions of supergravities that
admit instead Domain-wall×Sphere vacuum solutions are also consistent, where the back-
ground can be viewed as the near-horizon structure of a dilatonic p-brane of the theory.
The resulting lower-dimensional theory is a gauged supergravity that admits a domain wall,
rather than AdS, as a vacuum solution. We illustrate this consistency by taking the singu-
lar limits of certain modulus parameters, for which the original Sn compactifying spheres
(n = 4, 5 or 7) become Sp × Rq, with p = n − q < n. The consistency of the S4, S7 and
S5 reductions then implies the consistency of the Sp reductions of the lower-dimensional
supergravities. In particular, we obtain explicit non-linear ansa¨tze for the S3 reduction
of type IIA and heterotic supergravities, restricting to the U(1)2 subgroup of the SO(4)
gauge group of S3. We also study the black hole solutions in the lower-dimensional gauged
supergravities with domain-wall backgrounds. We find new domain-wall black holes which
are not the singular-modulus limits of the AdS black holes of the original theories, and we
obtain their Killing spinors.
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1 Introduction
Kaluza-Klein sphere reductions of supergravities that admit AdS×Sphere vacuum solutions
are believed to be consistent. The examples include the S7 [1, 2] and S4 [3] reductions of
eleven-dimensional supergravity, and the S5 [4, 5, 6] reduction of ten-dimensional type IIB
supergravity. The consistency is important since one can then be assured that the solutions
of the resulting lower dimensional gauged supergravities are also solutions of the M-theory
or type IIB theory. These solutions of the gauged supergravities then provide one side of
the picture of the duality [7, 8, 9, 10] between Anti-de Sitter space and conformal field
theories on its boundary. The complete proof of consistency is still lacking, owing to the
complexity of the reduction ansa¨tze. The S7 reduction of eleven-dimensional supergravity
is better understood than the other two cases, as a consequence of its having received more
attention owing to its connection with four dimensions. The full non-linear reduction ansatz,
although highly implicit, was given in [11, 12]. Recently, explicit non-linear reduction
ansa¨tze that focus on the Cartan subgroups of the full gauge groups were obtained for
these three examples [13]. The construction shows that the reduction must be performed
at the level of the equations of motion, rather than in the Lagrangian (even when it exists).
Furthermore, the consistency of the reduction depends on a delicate balance between the
contributions of the metric and the relevant antisymmetric tensor field strength in the
higher-dimensional supergravity theory. This conspiracy between the higher-dimensional
fields is equivalent to the one that governs the supersymmetry of the theory.
Note that by far the most involved part of establishing the consistency of any sphere-
reduction ansatz is concerned with the contributions of scalar fields that parameterise in-
homogeneous deformations of the sphere metric. Specifically, it is for these inhomogeneous
deformations that the conspiracies between terms in the higher-dimensional Lagrangian are
needed in order to achieve consistency of the reduction. This is in contrast to the situation
in the reduction on a group manifold G, as described in [14], where the scalars parame-
terise only homogeneous deformations, and the consistency of the reduction is guaranteed
for each individual term in the higher-dimensional Lagrangian, by virtue of the invariance
of the reduction ansatz under the right action of the group G.
The consistency of the above sphere reductions raises the question as to whether it is
also possible to perform consistent Kaluza-Klein sphere reductions on other supergravity
theories that do not admit AdS×Sphere solutions. AdS×Sphere spacetimes can arise as
the near-horizon structures of the M2-brane, M5-brane and D3-brane. In these examples
there are no couplings to scalar fields. However for a generic p-brane that couples to a
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dilaton, the near-horizon structure of the metric is instead a product of a domain wall1
and a sphere, with a certain warp factor in the metric. (In this paper we shall refer to
this spacetime as a Domain-wall×Sphere, even though the warp-factor implies that the
spacetime metric is not a direct product.) Note that super Yang-Mills field theories do not
only arise at the boundary of AdS space, but also emerge as the world-volume theories of
D-branes. A generic D-brane has a near-horizon structure which is a Domain-wall×Sphere.
This raises the question as to whether supergravity in the D-brane near-horizon background
has anything to do with the super Yang-Mills theory on the D-brane world-volume. The
correspondence of supergravity on a domain-wall background with quantum field theory on
the wall was proposed in [15].
In this paper, we shall address the following question: Is it consistent to dimensionally
reduce the theory with a domain wall×Sphere solution on the associated sphere? If so, what
will be the lower-dimensional theory? In the AdS×Sphere compactification, the lower-
dimensional theory is a gauged supergravity that allows an AdS spacetime as a vacuum
solution. In other words, the scalar potential of the spherically-reduced theory has at least
one stationary point. We refer to these theories as “AdS supergravities.” In the new cases
that we wish to consider here, we would expect that the lower-dimensional theory would
instead admit a domain wall, rather than an AdS spacetime, as its vacuum solution. We
refer to such theories as “Domain-wall supergravities.” Before we address the question
of the consistency of such a reduction, we shall first examine whether there exist lower
dimensional theories that admit such domain-wall solutions.
Let us consider gauged D = 7, N = 2 supergravity as an example. The bosonic sector
of the supergravity multiplet contains the metric, a dilaton a 3-form vector potential and
SU(2) Yang-Mills gauge fields. The Lagrangian has the following form [16, 17]
e−1L7 = R− 12(∂φ)2 − 12m2 e
8√
10
φ
+ 4g me
3√
10
φ
+ 4g2 e
− 2√
10
φ
,
− 148e
− 4√
10
φ
(F(4))
2 − 14e
2√
10
φ
(F a(2))
2
+12F(4) ∧ F a(2) ∧Aa(1) + 12mF(4) ∧A(3) . (1.1)
Note that the 3-form gauge potential has a topological mass term, with mass parameter m.
The scalar potential has a supersymmetric maximum, and a non-supersymmetric minimum.
The scalar sector admits a supersymmetric domain-wall solution, given by [18]
ds27 = e
2A dxµdxνηµν + e
8A dy2 , e
− 3√
10
φ
= H ,
1We use the term “domain wall” to mean a (D − 2)-brane in D dimensions.
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e−4A =
8m
5(H4/3)′
+
2g
5 (H−1/3)′
, H = e
− 3√
10
φ0
+ q |y| , (1.2)
where a prime denotes a derivative with respect to y. For generic non-vanishing m and g,
we can obtain an AdS7 spacetime by sending q to zero. In either of the special cases where
m=0 or g = 0, the domain wall has no AdS7 limit.
Let us first examine the case when g = 0. It was observed in [19] that the corresponding
domain wall can be obtained from the vertical dimensional reduction of an M5-brane, whose
charges are uniformly distributed over four of the transverse dimensions, which are taken
as the compactification coordinates. The eleven-dimensional 5-brane has the form
ds211 = H
−1/3dxµdxνηµν +H2/3(dy2 + ds24) ,
F4 = q ǫ4 (1.3)
where ds24 is the metric of a four-dimensional flat space, with ǫ4 being its volume form.
Thus the g = 0 limit can be viewed as M-theory compactified on a 4-dimensional flat space.
The topological mass term of the 3-form gauge potential has its origin in the FFA term of
eleven-dimensional supergravity.
The m = 0 limit is quite different. We find that its higher-dimensional origin is from
the near-horizon limit of the NS-5brane in D = 10, which has the metric
ds210 = H
−1/4dxµdxνηµν +H3/4(dr2 + r2 dΩ23) , (1.4)
with H = 1 +Q/r2. In the near-horizon limit, we shall have H → Q/r2.
The seven-dimensional theory (1.1) can be obtained from the S4 reduction of M-theory.
With the parameters g and m both non-zero, it allows AdS7 as a vacuum solution. In
one singular limit, where g = 0, it can be obtained from M-theory on a 4-dimensional flat
background, with the 4-form field strength having a term proportional to the volume form
of the internal space. Such a reduction is indeed consistent, giving rise to a 3-form gauge
potential with a topological mass term [19]. The vacuum domain-wall solution in D = 7 has
its origin as a 5-brane in D = 11, with its charges uniformly distributed over the internal
space. In the other singular limit, with m = 0, the vacuum domain-wall solution has its
origin instead as the S3 reduction of the NS-5brane in D = 10.
The above example illustrates that there should exist two different singular limits of the
S4 reduction of M-theory, in one of which the internal 4-space becomes flat, while in the
other the internal space limits to 4-space that contains a 3-sphere factor. The consistency
of the S4 reduction of M-theory thus implies the consistency of the S3 reduction of the
ten-dimensional theory.
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The main purpose of this paper is to examine the above conjecture in detail. In section 2,
we show that there exist singular limits in certain modulus parameters such that S4 becomes
either a flat four-space IR4, or else S3 × IR. In the flat-space limit, the M-theory becomes a
massive supergravity in D = 7 with a topologically massive 3-form potential. In the S3× IR
limit, the M-theory becomes a gauged supergravity, but with no massive 3-form potential.
We also obtain new domain-wall black holes in these limiting cases. These are analogous to
the AdS black holes of gauged anti-de Sitter supergravities, but with asymptotic structures
that approach domain walls rather than AdS spacetimes.
In section 3, we study the S7 reduction of M-theory, and show that there exist singular
limits in certain modulus parameters such that S7 becomes S3 × IR4 or S5 × IR2. We also
obtain supersymmetric domain-wall black holes in the original theory before taking the
limit. We study how the solutions behave under these limiting procedures. In section 4, we
turn out attention to the S5 reduction of the type IIB theory, and we find a singular limit
where S5 becomes S3 × IR2. We also obtain new supersymmetric domain-wall solutions in
the limiting theory. In the appendix, we obtain a general class of domain-wall black holes.
2 S4 reduction of M-theory, and its limits
In this section, we show that there exist singular limits in certain modulus parameters
such that S4 becomes either a flat four-space IR4, or else S3 × IR. In the flat space limit,
the M-theory becomes a massive supergravity in D = 7 with a topological massive 3-form
potential. In the S3 × IR limit, the M-theory becomes a gauged supergravity, but with no
massive 3-form potential. This observation give a geometrical interpretation of the massive,
but ungauged supergravity in D = 7 and the gauged massless D = 7 gauged supergravity,
in terms of taking limits of certain modulus parameters. We also obtain new domain-wall
black holes in these limiting cases. For appropriate choice of parameters these solutions are
supersymmetric.
We begin this section with a review of the Kaluza-Klein reduction fromD = 11 to D = 7
on S4. As we said in the introduction, it is believed, although it is strictly speaking still
only a conjecture, that the maximal N = 4, SO(5) gauged supergravity in D = 7 can be
obtained by performing a Kaluza-Klein reduction on S4 accompanied by a truncation to
the massless supermultiplet of fields. We shall consider the further restriction discussed in
[13], where the SO(5) gauge fields are truncated down to the abelian U(1)×U(1) subgroup,
and correspondingly just two of the scalar fields of the full N = 4 theory are retained. The
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full non-linear ansatz for this reduction, found in [13], is given by
ds211 = ∆˜
1/3 ds27 + g
−2 ∆˜−2/3
(
X−10 dµ
2
0 +
2∑
i=1
X−1i (dµ
2
i + µ
2
i (dψi + g A
i
(1))
2)
)
, (2.1)
∗F(4) = 2g
2∑
α=0
(
X2α µ
2
α − ∆˜Xα
)
ǫ(7) + g ∆˜X0 ǫ(7) +
1
2g
2∑
α=0
X−1α ∗¯dXα ∧ d(µ2α)
+
1
2g2
2∑
i=1
X−2i d(µ
2
i ) ∧ (dψi + g Ai(1)) ∧ ∗¯F i(2) , (2.2)
where ∗¯ denotes the Hodge dual with respect to the seven-dimensional metric ds27, ǫ(7)
denotes its volume form, and ∗ denotes the Hodge dualisation in the eleven-dimensional
metric. The quantity ∆˜ is given by
∆˜ =
2∑
α=0
Xα µ
2
α , (2.3)
where µ0, µ1 and µ2 satisfy
µ20 + µ
2
1 + µ
2
2 = 1 . (2.4)
fields are parameterised by X1 and X2, with X0 introduced for convenience as an auxiliary
variable, defined by X0 ≡ (X1X2)−2. The two scalar fields Xi can be parameterised in
terms of two canonically-normalised dilatons ~φ = (φ1, φ2) by writing
Xi = e
− 1
2
~ai·~φ , (2.5)
where the dilaton vectors satisfy the relations ~ai · ~aj = 4δij − 85 . A convenient parameteri-
sation is given by
~a1 = (
√
2,
√
2
5 ) , ~a2 = (−
√
2,
√
2
5) . (2.6)
The µα and ψi coordinates parameterise the compactifying 4-sphere. When the seven-
dimensional gauge fields and scalars are set to zero, the compactifying metric becomes
simply
dΩ24 = dµ
2
0 +
2∑
i=1
(
dµ2i + µ
2
i dψ
2
i
)
, (2.7)
which is nothing but the metric on a unit-radius round 4-sphere.
For future reference, note that more generally, the metric on any even-dimensional unit
sphere S2n can be written as [20]
ds2 = dµ20 +
n∑
i=1
(
dµ2i + µ
2
i dψ
2
i
)
, (2.8)
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where
∑n
α=0 µ
2
α = 1. For odd-dimensional spheres, the unit S
2n−1 metric can be written as
[20]
ds2 =
n∑
i=1
(
dµ2i + µ
2
i dψ
2
i
)
, (2.9)
where
∑n
i=1 µ
2
i = 1.
It was shown in [13] that after substituting (2.1) and (2.2) into the eleven-dimensional
equations of motion, one obtains seven-dimensional equations that can be derived from the
Lagrangian
e−1L7 = R− 12 (∂~φ)2 − V − 14
2∑
i=1
e~ai·~φ (F i(2))
2 , (2.10)
where the potential V is given by
V = g2(−4X1X2 − 2X−11 X−22 − 2X−12 X−21 + 12(X1X2)−4) . (2.11)
The system can be further consistently truncated to X1 = X2 ≡ X = e−φ2/
√
10. If we make
a constant shift of the dilaton φ2 such that X → X eλ/5, and define
m′ = g e−
4
5λ , g′ = g e
1
5λ , (2.12)
the potential V becomes exactly the same as the one given in (1.1), after dropping the
primes on the rescaled coupling constants.
2.1 Limit to flat space
In this subsection, we consider a limiting procedure in which the S4 reduction reviewed
above becomes a reduction on a flat internal space, giving rise to a seven-dimensional theory
that is equivalent to one obtained by a certain toroidal compactification from D = 11. To do
this, it is useful first to apply the appropriate limiting procedure in the seven-dimensional
theory itself.
From (2.5) and (2.6), we see that the scalar potential (2.11) is given by
V = g2
(
− 4e− 12 (~a1+~a2)·~φ − 2e 12 (~a1+2~a2)·~φ − 2e 12 (~2a1+~a2)·~φ + 12e2(~a1+~a2)·
~φ
)
. (2.13)
We now make the following redefinitions of fields and the gauge coupling constant g:
~φ = ~φ′ − 12(~a1 + ~a2)λ , Ai(1) = e
1
5
λAi(1)
′
, g = e
4
5
λm′ , (2.14)
where λ is a constant. It follows from (2.6) and (2.5) that X1 and X2, and the auxiliary
quantity X0, will suffer the rescalings
Xi = e
1
5
λX ′i , X0 = e
− 4
5
λX ′0 , (2.15)
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where i runs over the values 1 and 2. Substituting into the seven-dimensional Lagrangian
(2.10), and then taking the limit λ −→ −∞, we arrive at the Lagrangian
e−1L7 = R− 12 (∂~φ)2 − 12m2 e
8√
10
φ2 − 14
2∑
i=1
e~ai·~φ (F i(2))
2 , (2.16)
where, having taken the limit, we have then suppressed the primes on the redefined fields.
This corresponds to the limit where the parameter g in (1.1) is set to zero.
The theory described by the Lagrangian (2.16) is one that can be obtained by means
of a toroidal reduction from D = 11, in which the usual Kaluza-Klein ansatz is generalised
somewhat by allowing the inclusion of a constant 4-volume term q ǫ(4) in the ansatz for the
eleven-dimensional F(4). In terms of an ansatz on the 3-form potential, this corresponds to
allowing a linear dependence on one or more of the toroidal compactification coordinates
[19, 21]. Here, our goal will be to show how this theory can be obtained by taking an
appropriate limit in the S4 reduction described above.
The required limiting process that we shall apply to the S4 reduction ansatz given in
(2.1) and (2.2) is governed by what we already determined in D = 7, where the appropriate
scalings of fields and the gauge-coupling g were established. It is evident that to obtain a
regular limit, it is necessary also to apply an appropriate rescaling to the coordinates µα
involved in the parameterisation of the 4-sphere. We find that the necessary rescalings are
as follows:
µ0 = µ
′
0 , µi = e
1
2
λ µ′i . (2.17)
Note that as we take the limit λ −→ −∞, the quadratic constraint (2.4), which becomes
µ′0
2 + eλ µ′i µ
′
i = 1, will imply that µ
′
0
2 = 1, while the two quantities µ′i will become uncon-
strained. Also, the quantity ∆˜ defined in (2.3) will, in the limit, be given by ∆˜ −→ e− 45λX ′0.
Applying this limiting procedure to the S4 reduction ansa¨tze (2.1) and (2.2), we therefore
find that in the limit where λ −→ −∞, the dominant terms in the eleven-dimensional metric
and 4-form become
ds211 = e
− 4
15
λ
(
X
1/3
0 ds
2
7 +m
−2X−2/30
2∑
i=1
X−1i (dµ
2
i + µ
2
i dψ
2
i )
)
, (2.18)
∗F(4) = e−
4
5
λ
(
mX20 ǫ(7) +
1
2m2
2∑
i=1
X−2i d(µ
2
i ) ∧ dψi ∧ ∗¯F i(2)
)
. (2.19)
Here, we have dropped the primes on all the fields and the coupling constant, after having
taken the limit.
Note that the overall λ-dependent prefactors in the above expressions, although diver-
gent as λ −→ −∞, do not give rise to any singularity in the seven-dimensional equations of
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motion. The reason for this is that there is a scaling symmetry of the eleven-dimensional
supergravity equations of motion, referred to as a “trombone” symmetry in [22], under
which the metric and the 3-form potential scale by the constant factors
gMN −→ k2 gMN , A(3) −→ k3A(3) . (2.20)
(More generally, any theory with an Einstein-Hilbert term and quadratic field-strength
kinetic terms will have such a scaling symmetry if the metric and the gauge potentials each
scale with a power of k equal to the number of indices carried by the metric or potential.)
This is a symmetry of the equations of motion. It is not a symmetry of the action, which
scales by a uniform constant factor under this transformation. Bearing in mind that the
ansatz for F(4) given in (2.19) is for the dual of F(4), which is a 7-form in D = 11 and thus
would have a 6-form potential, the powers of eλ in the prefactors in (2.18) and (2.19) are
seen to be precisely of the correct form to factor out in the equations of motion by virtue
of the scaling symmetry.
It is now quite straightforward to see that in this limiting situation, the metric and 4-
form ansa¨tze are in fact equivalent to standard ones on a 4-torus. To see this, let us define
new coordinates (z1, z2, z3, z4) in place of (µ1, µ2, ψ1, ψ2), where
z1 = µ1 cosψ1 , z2 = µ1 sinψ1 ,
z3 = µ2 cosψ2 , z4 = µ2 sinψ2 , (2.21)
in terms of which the metric ansatz (2.18) becomes
ds211 = e
− 4
15
λ
(
X
1/3
0 ds
2
7 +m
2X
−2/3
0 (X
−1
1 (dz
2
1 + dz
2
2) +X
−1
2 (dz
2
3 + dz
2
4))
)
. (2.22)
Similarly, we may express the 4-form ansatz in terms of the z coordinates. It is convenient
at the same time to perform a dualisation, so that we express the ansatz on the 4-form
itself, rather than its dual. Upon doing so, we find that (2.19) becomes
F(4) = e
− 2
5
λ
(
m5 d4z +
1
m2
dz3 ∧ dz4 ∧ F 1(2) −
1
m2
dz1 ∧ dz2 ∧ F 2(2)
)
. (2.23)
The reduction ansa¨tze (2.22) and (2.23) that we have arrived at in this limiting case are
equivalent to those for a Kaluza-Klein reduction from D = 11 on a 4-torus, with certain of
the fields set to zero, and with the inclusion of a Scherk-Schwarz type generalisation in the
reduction ansatz for the 4-form field strength. In such a reduction, before setting any of
the fields to zero, we would have
dsˆ211 = e
1
3
~g·~φ ds27 +
4∑
i=1
e2~γi·~φ (hi)2 ,
Fˆ(4) = F(4) + F(3)i ∧ hi + 12F(2)ij ∧ hi ∧ hj + 16F(1)ijk ∧ hi ∧ hj ∧ hk + q d4z , (2.24)
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where hi = dzi + Ai(1) + Ai(0)j dzj , and the various dilaton-coupling vectors ~g and ~γi are
defined in [23, 24]. If the Kaluza-Klein vectors Ai(1), and their subsequently-descendant
axions Ai(0)j are truncated out, along with certain of the other fields, it is evident that this
toroidal reduction is equivalent to the reduction defined by the ansa¨tze (2.22) and (2.23).
Specifically, the two 2-form field strengths that survive in (2.23) correspond to the two
field strengths F(2)12 and F(2)34 of the toroidal reduction. The two dilatons ~φ = (φ1, φ2),
parameterised as X1 and X2 in the ansa¨tze (2.22) and (2.23), correspond to two specific
surviving combinations of the four dilatons ~φ of the 4-torus reduction.
2.2 Limit to S3 × IR
The other limiting case that we wish to consider corresponds to setting the parameter m to
zero in (1.1). In terms of the description of the seven-dimensional theory at the beginning
of this section, this limit is achieved by making rescalings analogous to (2.14) and (2.15),
but now given by
~φ = ~φ′ − 12(~a1 + ~a2)λ , Ai(1) = e
1
5
λAi(1)
′
, g = e−
1
5
λ g′ , (2.25)
where λ is a constant. Thus the crucial change is that g is now rescaled differently from
before. It follows from (2.6) and (2.5) that X1 and X2, and the auxiliary quantity X0, will
rescale as
Xi = e
1
5
λX ′i , X0 = e
− 4
5
λX ′0 , (2.26)
Now, if we take the limit where λ −→ +∞, we see that the Lagrangian (2.10) reduces to
e−1L7 = R− 12 (∂~φ)2 + 4g2 e
− 2√
10
φ2 − 14
2∑
i=1
e~ai·~φ (F i(2))
2 , (2.27)
where, having taken the limit, we have again suppressed the primes on the redefined fields.
This corresponds to the limit where the parameter m in (1.1) is set to zero.
We may again now consider the limiting procedure from the viewpoint of the ansa¨tze
for the eleven-dimensional fields. It is easily seen in this case that we should rescale the
coordinates µα in the 4-sphere as follows:
µ0 = e
− 1
2
λ µ′0 , µi = µ
′
i . (2.28)
This has the effect that the constraint (2.4) becomes
e−λ µ′0
2
+ µ′i µ
′
i = 1 , (2.29)
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where as usual, i runs over 1 and 2. In the limit when we send λ −→ +∞, we will therefore
have
µ′i µ
′
i = 1 , (2.30)
with µ′0 unconstrained. The quantity ∆˜ defined in (2.3) will, in the limit where λ −→ +∞,
tend to the form
∆˜ −→ e 15λ ∆˜′ , (2.31)
where
∆˜′ =
2∑
i=1
X ′i µ
′
i
2
. (2.32)
Applying this limiting procedure to the ansa¨tze (2.1) and (2.2) for the eleven-dimensional
fields, we find that they become
ds211 = e
1
15
λ
{
∆˜1/3 ds27
+g−2 ∆˜−2/3
(
X−10 dµ
2
0 +
2∑
i=1
X−1i (dµ
2
i + µ
2
i (dψi + g A
i
(1))
2)
)}
, (2.33)
∗F(4) = e
1
5λ
{
2g
2∑
i=1
(
X2i µ
2
i − ∆˜Xi
)
ǫ(7) +
1
2g
2∑
i=1
X−1i ∗¯dXα ∧ d(µ2i )
+
1
2g2
2∑
i=1
X−2i d(µ
2
i ) ∧ (dψi + g Ai(1)) ∧ ∗¯F i(2)
}
, (2.34)
where again we have suppressed the primes on the various fields and coordinates, and on g,
after having taken the limit.
The four coordinates µi and ψi, together with the quadratic constraint (2.30), can be
recognised as parameterising a 3-sphere in the internal space (see equation (2.9)). The
coordinate µ0, which is now unconstrained, parameterises the fourth of the directions in
the internal space. Initially, the µ0 coordinate was one of three that were subject to the
quadratic constraint (2.4) in the original 4-sphere. A parameterisation of the original µα
in terms of two unconstrained angles could be taken to be µ0 = cos θ1, µ1 = sin θ1 cos θ2,
µ2 = sin θ1 sin θ2. Thus µ0 originally ranged over a finite line segment. As the limit
λ −→ +∞ is taken, this line segment expands to cover the entire real line.
We can use the S3 × IR limit of the S4 reduction ansatz that we have just obtained in
order to describe an S3 reduction of ten-dimensional type IIA supergravity. To do this,
we break the S3 × IR reduction up into two steps, the first of which consists of reducing
from D = 11 to D = 10 on the IR direction. Of course since this corresponds to a Killing
symmetry of the ansatz, generated by ∂/∂µ0, we can choose to re-interpret µ0 as an angular
ignorable coordinate on S1, rather than a coordinate on the real line. At the same time, we
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can exploit the trombone scaling symmetry of the D = 11 equations of motion to eliminate
the eλ factors in the limiting form of the ansa¨tze.
To implement the resulting S1 reduction, we use the standard Kaluza-Klein metric
ansatz
dsˆ211 = e
− 1
6
φ ds210 + e
4
3
φ (dz +A(1))2 . (2.35)
For the 4-form, we have Fˆ4 = F(4) + F(3) ∧ (dz + A(1)), with F4 = dA(3) − dA(2) ∧ A(1) and
F(3) = dA(2). From these ansa¨tze, it is easy to see that we shall have
∗ˆFˆ(4) = e
1
2
φ ∗F(4) ∧ (dz +A(1)) + e−φ ∗F(3) , (2.36)
where we are using ∗ˆ here to denote an eleven-dimensional Hodge dual, and ∗ to denote a
ten-dimensional one.
From the above, it follows that the S3 × IR metric and 4-form reduction ansa¨tze (2.33)
and (2.34) can be re-interpreted as type IIA S3 reduction ansa¨tze with
ds210 = ∆˜
1/4 (X1X2)
1/4 ds27 + g
−2∆˜−3/4 (X1X2)1/4
2∑
i=1
X−1i (dµ
2
i + µ
2
i (dψi + g A
i
(1))
2) ,
e−φ ∗F(3) = 2g
2∑
i=1
(
X2i µ
2
i − ∆˜Xi
)
ǫ(7) +
1
2g
2∑
i=1
X−1i ∗¯dXi ∧ d(µ2i )
+
1
2g2
2∑
i=1
X−2i d(µ
2
i ) ∧ (dψi + g Ai(1)) ∧ ∗¯F i(2) , (2.37)
e2φ =
(X1X2)
3
∆˜
, F(4) = 0 , F(2) = 0 ,
where φ is the dilaton of the type IIA theory.
We arrived at the above ansa¨tze for the S3 reduction of type IIA supergravity by taking
a singular limit of the S4 reduction of D = 11 supergravity. However, having obtained it
by this method, we can now view it as a valid reduction procedure in its own right. In
particular, by virtue of the previously-established consistency of the S4 reduction, we now
know that this procedure has provided us with a consistent S3 reduction scheme for the
type IIA theory, leading to the seven-dimensional Lagrangian given in (2.27). In particular,
this is an example of a non-trivial sphere reduction (i.e. one that includes scalars describing
inhomogeneous sphere deformations) that gives rise to a gauged supergravity with no AdS
vacuum.
Note that the Ramond-Ramond fields F(4) and F(2) are set to zero in the ansa¨tze (2.37)
for the S3 reduction of type IIA supergravity. This means that we can also interpret it
as an S3 reduction of the N = 1 or heterotic theories in D = 10. Although µ0 naturally
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became a coordinate on the entire real line in the taking of the singular limit of the S4
compactification, the consistency of the Kaluza-Klein reduction does not of itself require
that µ0 cover the infinite interval. We could instead impose a cut-off on the interval, and
require instead that µ0 range only over a finite line segment, S
1/Z2. This could then be
combined with a projection in which the Ramond-Ramond fields were set to zero, precisely
in the fashion of the S1/Z2 reduction of M-theory introduced in [25]. Thus the reduction
ansa¨tze (2.33) and (2.34), where the Ramond-Ramond fields in D = 10 have already been
projected out, can also be viewed as a consistent reduction ansatz for M-theory on S3 ×
(S1/Z2). The limit that was taken in arriving at (2.33) and (2.34) from the S
4 reduction
ansatz however implies that the line segment S1/Z2 expands to become IR; this corresponds
to strongly coupled heterotic string theory (and the topological information encoded in
S1/Z2 is lost).
2.3 New domain-wall black holes in D = 7
Having obtained the two singular limits of the 4-sphere reduction of eleven-dimensional
supergravity, it is of interest to study how the solutions behave in these limits. One example
was already illustrated in the introduction, where a domain-wall solution supported purely
by the scalar potential was presented. As we discussed there, the limits associated with
m = 0 and g = 0 give rise to domain walls that can be respectively interpreted as the near
horizon of an isotropic NS-NS 5-brane or an M5-brane, with charges uniformly distributed
over a flat four-space. In this subsection, we obtain a new domain-wall black-hole solution,
which is not merely the singular-modulus limit of the previously known AdS black hole.
The Lagrangian (1.1) admits AdS7 black hole solutions, given by
ds27 = −H−8/5 f dt2 +H2/5 (f−1dr2 + r2 dΩ25,k) ,
f = k − µ
r4
+ 14m
2r2H2 , e
5√
10
φ
= H ,
A(1) =
√
2(1 + k sinh2 α)1/2
sinhα
H−1 dt , H =
g
m
(
1 +
µ sinh2 α
r4
)
, (2.38)
where dΩ25,k is the metric on a unit S
5, T 5 or H5 according to whether k = 1, 0 or −1. (Note
that the solution was previously obtained in [13, 26] for g = m.) In particular the k = 0
solution can be oxidised back to D = 11 and becomes [27, 13] the near horizon structure of
the rotating M5-brane [28]. We see that the solution (2.38) does not admit an m = 0 limit.
It does, however, allow us to take the limit g → 0, provided that g sinh2 α ≡ Q is held fixed.
The solution then reduces to a domain-wall black hole.
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Although the solution (2.38) does not admit an m = 0 limit, there does exist a new
domain-wall black hole solution for the Lagrangian (1.1) when m = 0. In fact when m = 0,
the Lagrangian fits precisely the general pattern in (A.5) in the appendix. It follows that
the domain-wall black hole is given by
ds27 = −f dt2 + f−1 dr2 + r (dx21 + · · ·+ dx25) ,
f = 2r( 825g
2 +
µ
r5/2
+
λ2
4r5
) , e
2√
10
φ
= r ,
A(1) = λ r
−5/2 dt . (2.39)
To examine the supersymmetry of this domain-wall black hole, we note that the N = 2
supersymmetry transformations on the fermions for the Lagrangian (1.1) are given by [26]
δψµ = [∇µ + i√2gA
a
µσ
a + 120 (me
4√
10
φ
+ 4ge
− 1√
10
φ
)γµ − i20√2 (γµ
νλ − 8δνµγλ)e
1√
10
φ
F aνλσ
a
+ 1160 (γµ
νρσλ − 83δνµγρσλ)e
− 2√
10
φ
Fνρσλ]ǫ ,
δλ = [− 1
2
√
2
γµ∂µφ+
1√
5
(me
4√
10
φ − g e−
1√
10
φ
) + i
4
√
10
e
1√
10
φ
F aµνγ
µνσa
+ 1
48
√
5
e
− 2√
10
φ
Fµνρσγ
µνρσ]ǫ , (2.40)
where the σa are the SU(2) Pauli matrices. In the absence of F(4), and with only the
U(1) subgroup of SU(2) excited (as is appropriate for the above black hole solutions), the
supersymmetry transformations reduce to
δψµ = [∇µ + i√2gAµ +
1
20(me
4√
10
φ
+ 4ge
− 1√
10
φ
)γµ − i20√2(γµ
νλ − 8δνµγλ)e
1√
10
φ
Fνλ]ǫ ,
δλ = [− 1
2
√
2
γµ∂µφ+
1√
5
(me
4√
10
φ − g e− 1√10φ) + i
4
√
10
e
1√
10
φ
Fµνγ
µν ]ǫ . (2.41)
(Here, we have adopted the natural complex notation for the supersymmetry parameter, in
this U(1) truncation.)
Examination of the δλ variation indicates that the domain-wall black hole (2.39) is in
general non-supersymmetric unless µ = 0, so that f = 1625g
2r + 12λ
2r−4. In this case the
Killing spinors must satisfy the half-supersymmetry projection Pǫ = 0 where
P = 12 [1 + f
−1/2(45gr
1/2γ1 − i√2λr
−2γ0)] . (2.42)
Note that γ0 and γ1 denote the Dirac matrices with vielbein indices in the t and r directions
respectively. For such spinors ǫ, the gravitino variation reduces to
δψ0 = ∂0ǫ ,
δψr = [∂r +
1
r
+ gf−1/2r−1/2γ1]ǫ ,
δψθi = ∂θiǫ . (2.43)
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The above equations are easily solved to obtain the N = 2 Killing spinors
ǫ = [
√
f1/2 − 1√
2
λr−2 −
√
f1/2 + 1√
2
λr−2 γ1](1 + iγ0)ǫ0 , (2.44)
where ǫ0 is an arbitrary constant spinor. Note that the projection P0 ≡ 12 (1+ iγ0) indicates
that the domain-wall black hole preserves exactly half of the supersymmetries when µ = 0.
To summarise, we have seen that there are two distinct domain-wall black hole solutions
in D = 7, corresponding to the limiting cases where g = 0 or m = 0. The former, describing
a domain-wall black hole with k = 1, corresponds to a solution of the theory obtained by
compactifying D = 11 supergravity on IR4; this itself, as we saw, is a singular limit of the
S4 compactification. The other domain-wall black hole, with m = 0, has k = 0. This
corresponds to a solution of the S3 × IR compactification from D = 11, which is another
singular limit of the S4 compactification.
3 S7 reduction of M-theory, and its limits
Let us now turn to the four-dimensional theory obtained by the dimensional reduction of
M-theory on S7. We shall consider two limits that correspond to consistent reductions on
S3 × IR4 and S5 × IR2. We also find new domain-wall black hole solutions.
As shown in [13], there is an N = 2, U(1)4 truncation of the full N = 8 gauged
supergravity, for which the explicit Kaluza-Klein reduction ansatz can be given.2 The
reduction ansatz is
ds211 = ∆˜
2/3 ds24 + g
−2 ∆˜−1/3
4∑
i=1
X−1i
(
dµ2i + µ
2
i (dψi + g A
i
(1))
2
)
, (3.1)
F(4) = 2g
4∑
i=1
(
X2i µ
2
i − ∆˜Xi
)
ǫ(4) +
1
2g
4∑
i=1
X−1i ∗¯dXi ∧ d(µ2i )
− 1
2g2
4∑
i=1
X−2i d(µ
2
i ) ∧ (dψi + g Ai(1)) ∧ ∗¯F i(2) , (3.2)
where ∆˜ =
∑4
i=1Xi µ
2
i . The four quantities µi satisfy
∑
i µ
2
i = 1. Here, ∗¯ denotes the Hodge
dual with respect to the four-dimensional metric ds24, and ǫ(4) denotes its volume form.
The four Xi, which satisfy X1X2X3X4 = 1, can be parameterised in terms of three
2A fully consistent truncation would require the inclusion of 3 axionic scalars as well as the 3 dilatonic
scalars that are present in the U(1)4 ansatz given in [13]. If one is considering solutions such as the 4-charge
AdS black holes of D = 4 gauge supergravity [29], for which the axions can be set to zero, this truncation
of the axions is justified.
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dilatonic scalars ~φ = (φ1, φ2, φ3) as
Xi = e
−12~ai·~φ , (3.3)
where the ~ai satisfy the dot products
Mij ≡ ~ai · ~aj = 4δij − 1 . (3.4)
A convenient choice is
~a1 = (1, 1, 1) , ~a2 = (1,−1,−1) , ~a3 = (−1, 1,−1) , ~a4 = (−1,−1, 1) . (3.5)
In terms of this basis, the scalar potential in D = 4 is given by
V = −4g2
∑
i<j
XiXj = −8g2 (cosh φ1 + coshφ2 + coshφ3) , (3.6)
and in fact the reduction ansatz given above leads [13] to the four-dimensional theory
described by the Lagrangian
e−1L4 = R− 12 (∂~φ)2 + 8g2(cosh φ1 + cosh φ2 + cosh φ3)− 14
4∑
i=1
e~ai·~φ (F i(2))
2 . (3.7)
3.1 Limit to S3 × IR4
Let us first consider a limit where the dilaton φ1 is subjected to the following shift:
φ1 = φ
′
1 − λ , (3.8)
with φ2 and φ3 unchanged. This will give a finite Lagrangian as λ −→ +∞, provided that
the coupling constant and the gauge potentials are scaled as follows:
g = e−
1
2
λ g′ , Aa(1) = e
1
2
λAa(1)
′ , Aa¯(1) = e
− 1
2
λAa¯(1)
′
, (3.9)
where we have introduced the notation that the index i = (1, 2, 3, 4) is split into a = (1, 2)
and a¯ = (3, 4). Note that the quantities Xi scale as
Xa = e
1
2
λX ′a , Xa¯ = e
− 1
2
λX ′a¯ . (3.10)
After these redefinitions, the scalar potential in (3.7) becomes simply
V = −4g′2 e−φ′1 . (3.11)
We find that these scalings can be implemented in the metric and 4-form ansa¨tze (3.1)
and (3.2) if we also make the scalings
µa = µ
′
a , µa¯ = e
− 1
2
λ µ′a¯ . (3.12)
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In particular, this means that the condition
∑
i µ
2
i = 1 becomes, in the limit λ −→ +∞,
simply
∑
a µ
′
a
2 = 1, with µ′¯a unconstrained. Defining ∆˜′ =
∑
aX
′
a µ
′
a
2, we see that as
λ −→ +∞, the ansa¨tze become
ds211 = e
1
3
λ
{
∆˜2/3 ds24 + g
−2 ∆˜−1/3
( 2∑
a=1
X−1a (dµ
2
a + µ
2
a (dψa + g A
a
(1))
2)
+
4∑
a¯=3
X−1a¯ (dµ
2
a¯ + µ
2
a¯ dψ
2
a¯
)}
, (3.13)
F(4) = e
1
2
λ
{
2g
2∑
a=1
(
X2a µ
2
a − ∆˜Xa
)
ǫ(4) +
1
2g
2∑
a=1
X−1a ∗¯dXa ∧ d(µ2a)
− 1
2g2
2∑
a=1
X−2a d(µ
2
a) ∧ (dψa + g Aa(1)) ∧ ∗¯F a(2)
− 1
2g2
4∑
a¯=3
X−2a¯ d(µ
2
a¯) ∧ dψa¯ ∧ ∗¯F a¯(2)
}
, (3.14)
where, as usual, we have dropped the primes after taking the limit. This can be recognised
as a reduction on S3 × IR4.
Substituting these ansa¨tze into the eleven-dimensional equations of motion, we will
obtain equations of motion that can be derived from the following four-dimensional La-
grangian:
e−1L4 = R− 12(∂~φ)2 + 4g2 e−φ1 − 14eφ1
(
eφ2+φ3 (F 1(2))
2 + e−φ2−φ3 (F 2(2))
2
)
−14e−φ1
(
eφ2−φ3 (F 3(2))
2 + e−φ2+φ3 (F 4(2))
2
)
. (3.15)
For simplicity, we may now consistently set φ2 = φ3 = 0, provided that we also set F
1
(2) =
F 2(2) ≡ F(2)/
√
2 and F 3(2) = F
4
(2) = F(2)/
√
2. Thus we arrive at the truncated Lagrangian
e−1L4 = R− 12 (∂φ1)2 − 14eφ1 (F(2))2 − 14e−φ1 (F(2))2 + 4g2 e−φ1 . (3.16)
The field strengths F(2) and F(2) play quite different roˆles in this truncated theory. As can
be seen from the ansa¨tze (3.13) and (3.14), the field F(2), which is associated with F
a
(2), is in
the Cartan subgroup of the original gauged supergravity Yang-Mills group. On the other
hand F(2), associated with F a¯(2), is in the ungauged sector corresponding to the IR4 part of
the S3 × IR4 limiting compactification.
3.2 Domain-wall black holes in D = 4
In the previous section, we singled out the scalar φ1, making a rescaling under which the
7-sphere becomes S3 × R4. We then consistently set φ2 and φ3 to zero, provided that
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F 1(2) = F
2
(2) ≡ F(2)/
√
2 and F 3(2) = F
4
(2) = F(2)/
√
2. For further simplicity, we shall set
F(2) = 0. In this section, we shall accordingly look for solutions to the Lagrangian
e−1L4 = R− 12(∂φ)2 − 14eφ (F(2))2 + 4m2 eφ + 4g2 e−φ + 16mg . (3.17)
Note that we have introduced an additional constant parameter m, by making a constant
shift of the dilaton φ, accompanied by a redefinition of g. For non-vanishing m and g, the
scalar potential is equivalent to the one obtained by setting φ2 = φ3 = 0 in (3.7). The
N = 2 supersymmetry transformation rules for the fermionic superpartners are given, in a
purely bosonic background, by
δψiµ = Dµ ǫ
i − 1√
2
g Aµ ǫ
ij ǫj +
1
2(me
1
2
φ + g e−
1
2
φ) γµ ǫ
i +
1
8
√
2
e
1
2
φ Fνρ γ
νρ γµ ǫ
ij ǫj ,
δχi = −γµ ∂µφ ǫij ǫj + 2(me
1
2
φ − g e− 12φ) ǫij ǫj + 12√2 e
1
2
φ Fµν γ
µν ǫi , (3.18)
where ǫi denotes the two supersymmetry parameters. These can be rewritten in terms of
complex spinors as
δψµ = Dµ ǫ− i√2 g Aµ ǫ+
1
2(me
1
2
φ + g e−
1
2
φ) γµ ǫ+
i
8
√
2
e
1
2
φ Fνρ γ
νρ γµ ǫ ,
δχ = −i γµ ∂µφ ǫ+ 2i (me
1
2
φ − g e− 12φ) ǫ+ 1
2
√
2
e
1
2
φ Fµν γ
µν ǫ , (3.19)
The full Lagrangian (3.17) admits an AdS4 black hole solution, given by
ds24 = −H−1 f dt2 +H (f−1 dr2 + r2 dΩ22,k) ,
f = k − µ
r
+ 4m2r2H2 , eφ = H ,
A(1) =
√
2(1 + k sinh2 α)1/2
sinhα
H−1 dt , H =
g
m
(
1 +
µ sinh2 α
r
)
. (3.20)
Here dΩ22,k denotes the metric on a two-dimensional space of positive, zero or negative
constant curvature, according to whether k is positive, zero or negative. By convention,
we take the spaces with k = +1 and k = −1 to be the unit S2 and hyperbolic space H2
respectively. Note that the solution with k = 1 corresponds to a special case of the 4-charge
AdS black holes found in [29], where just two equal charges are turned on. The solution
with k = 0 can be obtained from the S7 reduction of the near horizon structure of the
rotating M2-brane [13]. It is straightforward to check that in the extremal limit, where µ is
sent to zero while holding µ sinh2 α fixed, these AdS black-hole solutions preserve one half
of the N = 2 supersymmetry.
We see that these solutions do not allow an m = 0 limit to be taken, but they do permit
us instead to take the g → 0 limit provided α → ∞ with g sinh2 α ≡ Q held fixed. In this
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limit we find
A(1) →
√
2kH−1dt , H → Qµ
mr
, (3.21)
which describes an electrically charged domain-wall black hole for non-vanishing k. On the
other hand, when k = 0 the above solution is a pure domain-wall black hole with vanishing
electric charge.
The scalar potential in (3.17) has a symmetry φ↔ −φ+ 2 log g − 2 logm. Accordingly
we find a solution where e−φ = H rather than eφ = H given by
ds24 = −H−1 f dt2 +H (f−1 dr2 + r2 dΩ22,k) ,
f = k − µ
r
+ 4g2r2H2 +
λ2
2r2
, e−φ = H ,
A(1) =
λ
r
dt , H =
m
g
+
Q
r
, (3.22)
where the constant parameters satisfy
m2 λ2 + 2g Q (mµ+ g k Q) = 0 . (3.23)
Thus we have two possibilities. If m 6= 0 this solution is in fact equivalent to (3.20). This
may be seen by performing a coordinate transformation
t =
m
g
t˜ , r =
g
m
(r˜ −Q) , (3.24)
and making the identification
µ =
g µ˜
m
(1 + 2k sinh2 α) , Q = −µ˜ sinh2 α , λ =
√
2gµ˜
m
sinhα(1 + k sinh2 α)1/2 .
(3.25)
After dropping the tilde this may be seen to be identical to (3.20). On the other hand, if
m = 0 then λ is no longer constrained by (3.23). In this case the constraint requires k = 0
for non-vanishing Q. For m = 0, k = 0 the solution cannot be obtained from the original
AdS4 black hole of (3.20). Nevertheless, the Lagrangian (3.17) fits the pattern of the generic
class of Lagrangians (A.5) given in the appendix, and the solution is a special case of (A.6).
In this case, the parameter Q can be absorbed into a rescaling of coordinates. The solution
with m = 0 was obtained in [30].
From the transformation rules (3.19), we find that these φ = − logH domain-wall black
holes preserve half the N = 2 supersymmetry if the following condition hold:
Q = −mµ
2k g
, λ =
µ√
2k
. (3.26)
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The conditions (3.26) imply that the function f in the metric is given by
f =
g2
m2
(k + 4m2 r2)H2 . (3.27)
When k = 1, so that we have S2 surfaces with dΩ22,1 = dθ
2 + sin2 θ dϕ2, the Killing spinors
take the form
ǫ = H1/4e−igt[
√
h1/2 + 1 +
√
h1/2 − 1 γ1]e−
i
2
θγ012e
1
2
ϕγ23(1 + iγ0)ǫ0 , (3.28)
where h = 1 + 4m2r2.
In the special case where m = 0 and k = 0, for which the 2-metric dΩ22,0 can be taken
to be dyi dyi, the solution is supersymmetric if
µ = 0 , H =
Q
r
, f =
λ2
2r2
+ 4g2Q2 . (3.29)
The Killing spinors are now given by
ǫ = [
√
h˜1/2 + λr−1/2 −
√
h˜1/2 − λr−1/2 γ1](1 + iγ0)ǫ0 , (3.30)
where h˜ = 8g2Q2r + λ2r−1. Note that these Killing spinors have the same structure as
(2.44) corresponding to the domain-wall black hole solution in the m = 0 limit of D = 7,
N = 2 gauged supergravity.
To summarize, we have seen that in addition to the known AdS4 black hole solutions to
(3.17) for non-vanishing g and m, there are also domain-wall black hole solutions in the two
distinct limits: g = 0 with k = 1, and m = 0 with k = 0. In both cases, these correspond to
new solutions in the S3 × IR4 compactification of M-theory. When m = 0 the domain-wall
black hole is electrically charged in the Cartan subgroup of the gauge fields arising from S3.
When g = 0 the charge is instead carried by a field strength coming from the IR4 reduction.
3.3 Limit to S5 × IR2
There is a different limit which we may consider, in which three exponentials, rather than
only one, survive in the original potential in (3.7). To do this, we redefine ~φ according to
~φ = ~φ′ + ~a1 λ , (3.31)
and then send λ −→ +∞. The necessary scalings now imply
g = e−
1
2
λ g′ , X1 = e−
3
2
λX ′1 , Xm = e
1
2
λX ′m ,
A1(1) = e
− 3
2
λA1(1)
′
, Am(1) = e
1
2
λAm(1)
′ ,
µ1 = e
−λ µ′1 , µm = µ
′
m , (3.32)
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where we now split the i = (1, 2, 3, 4) index as i = 1 and i = m = (2, 3, 4). The scalar
potential in (3.7) now becomes
V = −4g′2 (eφ1 + eφ2 + eφ3) . (3.33)
Implementing these scalings in the ansa¨tze (3.1) and (3.2), we find
ds211 = e
1
3
λ
{
∆˜2/3 ds24 + g
−2 ∆˜−1/3
(
X−11 (dµ
2
1 + µ
2
1 dψ
2
1)
+
4∑
m=2
X−mi
(
dµ2m + µ
2
m (dψm + g A
m
(1))
2
)}
, (3.34)
F(4) = e
1
2
λ
{
2g
4∑
m=2
(
X2m µ
2
m − ∆˜Xm
)
ǫ(4) +
1
2g
4∑
m=2
X−1m ∗¯dXm ∧ d(µ2m) (3.35)
− 1
2g2
X−21 d(µ
2
1) ∧ dψ1 ∧ ∗¯F 1(2) −
1
2g2
4∑
m=2
X−2m d(µ
2
m) ∧ (dψm + g Am(1)) ∧ ∗¯Fm(2) ,
where
∑4
m=2 µ
2
m = 1. We have again dropped the primes after taking the λ −→ +∞ limit.
In this case, we can recognise the reduction as being on S5 × IR2.
3.4 Limits of solutions
As we have seen in the previous section, the S5×R2 limit is obtained by uniformly shifting
the three dilatonic scalars φi. In fact it is possible to have a consistent truncation of the
Lagrangian (3.7) such that all the three scalars are equal, i.e. φi = φ/
√
3, provided that all
but one of the vector potentials are set to zero. It follows that the Lagrangian becomes
e−1L4 = R− 12(∂φ)2 + 12m2 eφ/
√
3 + 12g2 e−φ/
√
3 − 14e
√
3φ F 2(2) . (3.36)
Note that we have again introduced the additional parameter m, by shifting φ and rescaling
g appropriately. For non-vanishing m and g, the values of m and g are unimportant, since
they can be changed by a constant shift of the dilaton φ. The Lagrangian admits a single
charge AdS4 black hole, (i.e. a =
√
3,) given by
ds24 = −H−1/2 f dt2 +H1/2 f−1(dr2 + r2(dy21 + dy22)) ,
f = −µ
r
+ 4m2r2H , e
2√
3
φ
= H ,
A(1) =
(1 + k sinh2 α)1/2
sinhα
H−1 dt , H =
g
m
(
1 +
µ sinh2 α
r
)
. (3.37)
As in the previous cases, the solution does not admit an m = 0 limit, but it does allow
a limit where instead g → 0, α → ∞ with g sinh2 α held fixed, in which case the solution
becomes a domain-wall black hole.
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4 S5 reduction of type IIB theory, and its limit
The Kaluza-Klein reduction of type IIB supergravity on S5 is expected to admit a consistent
truncation to gauged N = 8 supergravity in D = 5, with SO(6) Yang-Mills gauge fields
in the supergravity multiplet. As usual, the complexity of the reduction procedure has
prevented any complete results from being obtained. However, in [13], it was shown that a
further truncation to N = 2 supergravity in D = 5, with just the U(1)3 Cartan subgroup of
the SO(6) Yang-Mills gauge fields surviving, is explicitly embeddable in D = 10 type IIB
supergravity. The ansatz found in [13], which gives a consistent truncation to the N = 2
supermultiplet comprising the graviton, three U(1) gauge fields, and two scalar fields is
ds210 =
√
∆˜ ds25 +
1
g2
√
∆˜
3∑
i=1
X−1i
(
dµ2i + µ
2
i (dψi + g A
i)2
)
, (4.1)
G(5) = 2g
∑
i
(
X2i µ
2
i − ∆˜Xi
)
ǫ(5) − 1
2g
∑
i
X−1i ∗¯dXi ∧ d(µ2i )
+
1
2g2
∑
i
X−2i d(µ
2
i ) ∧ (dψi + g Ai(1)) ∧ ∗¯F i(2) . (4.2)
where the self-dual 5-form of D = 10 is given by F(5) = G(5) + ∗G(5). The two scalars
are parameterised in terms of the three quantities Xi, which are subject to the constraint
X1X2X3 = 1. They can be parameterised in terms of two dilatons ~φ = (φ1, φ2) as
Xi = e
−12~ai·~φ , (4.3)
A convenient choice for the dilaton vectors ~ai is
~a1 = (
2√
6
,
√
2) , ~a2 = (
2√
6
,−
√
2) , ~a3 = (− 4√6 , 0) . (4.4)
The three quantities µi are subject to the constraint
∑
i µ
2
i = 1.
Substituting these ansa¨tze into the equations of motion of the type IIB theory, it was
shown in [13] that one consistently gets five-dimensional equations of motion that can be
derived from the Lagrangian
e−1 L5 = R− 12(∂φ1)2 − 12(∂φ2)2 + 4g2
∑
i
X−1i − 14
∑
i
X−2i (F
i
(2))
2 + 14ǫ
µνρσλ F 1µν F
2
ρσ A
3
λ .
(4.5)
4.1 Limit to S3 × IR2
Let us consider a limit under which the dilatonic scalar φ1 in ~φ = (φ1, φ2) is shifted by a
constant λ, according to
φ1 = φ
′
1 −
√
6λ , (4.6)
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with φ2 left unchanged. This implies that the quantities Xi will scale as
Xa = e
λX ′a , X3 = e
−2λX ′3 , (4.7)
where we have split the i = (1, 2, 3) index as i = a = (1, 2) and i = 3. If we also make the
scalings
g = e−λ g′ , Aa(1) = e
λAa(1)
′ , A3(1) = e
−2λA3(1) , (4.8)
then we can take the limit λ −→ +∞, to obtain the Lagrangian
e−1 L5 = R− 12(∂φ1)2− 12(∂φ2)2+4g2 e
− 2√
6
φ1− 14
∑
i
X−2i (F
i
(2))
2+ 14ǫ
µνρσλ F 1µν F
2
ρσ A
3
λ , (4.9)
where we have dropped the primes after taking the limit.
If we additionally make the rescalings
µa = µ
′
a , µ3 = e
− 3
2
λ µ′3 (4.10)
in the reduction ansa¨tze (4.1) and (4.2), then we find that they become
ds210 = e
1
2
λ
{√
∆˜ ds25 +
1
g2
√
∆˜
( 2∑
a=1
X−1a (dµ
2
a + µ
2
a (dψa + g A
a)2
+X−13 (dµ
2
3 + µ
2
3 dψ
2
3)
)}
, (4.11)
G(5) = e
λ
{
2g
2∑
a=1
(
X2a µ
2
a − ∆˜Xa
)
ǫ(5) − 1
2g
2∑
a=1
X−1a ∗¯dXa ∧ d(µ2a) (4.12)
+
1
2g2
2∑
a=1
X−2a d(µ
2
a) ∧ (dψa + g Aa(1)) ∧ ∗¯F a(2) +
1
2g2
X−23 d(µ
2
3) ∧ dψ3 ∧ ∗¯F 3(2)
}
,
where, having dropped the primes as usual, we now have
∑2
a=1 µ
2
a = 1, with µ3 uncon-
strained, and ∆˜ =
∑
aXa µ
2
a. We can recognise this as an S
3 × IR2 reduction of the type
IIB theory. The resulting five-dimensional Lagrangian follows from (4.5) by applying the
limiting procedure that we have used here, giving
e−1 L5 = R− 12(∂φ1)2 − 12(∂φ2)2 + 4g2 e
− 2√
6
φ1 − 14
∑
i
X−2i (F
i
(2))
2 + 14ǫ
µνρσλ F 1µν F
2
ρσ A
3
λ .
(4.13)
4.2 New domain-wall black holes in D = 5
In the S5 limit to S3 × R2 discussed in the previous section, we have rescaled the dilaton
φ1, while φ2 is left alone. For simplicity, the dilaton φ2 can be consistently truncated out,
provided F 1(2) = F
2
(2) = F(2)/
√
2. Thus we shall consider the relevant Lagrangian
e−1L5 = R− 12(∂φ)2 + 8m2 e
1√
6
φ
+ 4g2e
− 2√
6
φ − 14e
2√
6
φ
(F(2))
2 − 14e
− 4√
6
φ
(F 3(2))
2
+18ǫ
µνρσλFµνFρσA
3
λ , (4.14)
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which, if we take the limit m = 0, corresponds to the S3 × IR2 compactification of the
previous subsection. The N = 2 fermion supersymmetry transformations are given by
δψµ = [∇µ − i√2gAµ −
im2
2g A
3
µ + (
g
3e
− 1√
6
φ
+ m
2
6g e
2√
6
φ
)γµ
+ i24 (γµ
νλ − 4δνµγλ)(e
1√
6
φ
Fνλ + e
− 2√
6
φ
F 3νλ)]ǫ , (4.15)
δλ = [− i4γµ∂µφ− i√6(ge
− 1√
6
φ − m2g e
2√
6
φ
) + 1
8
√
6
(e
1√
6
φ
Fµν − 2e−
2√
6
φ
F 3µν)γ
µν ]ǫ .
This Lagrangian admits an AdS5 black hole solution, given by
ds25 = −H4/3 f dt2 +H2/3(f−1 dr2 + r2 (dyidyi)) ,
f = − µ
r2
+m2r2H2 , e
√
6φ = H ,
A(1) =
√
2(1 + k sinh2 α)1/2
sinhα
H−1dt , A3(1) = 0 , H =
g
m
(
1 +
µ sinh2 α
r2
)
.(4 16)
Note that this solution was obtained in [31] for m = g. When k = 0, it can also be obtained
[27, 13] from the S5 reduction of the rotating D3-brane [32, 33, 13]. It follows from (4.16)
that the solution does not have an m = 0 limit, but it does have a g → 0 limit with g sinh2 α
held fixed, which gives rise to a domain-wall black hole solution with k 6= 0.
When m = 0, the Lagrangian fits the general pattern of the Lagrangian (A.5) in the
appendix. Thus in this limit, we can find a new domain-wall black hole solution, given by
ds25 = −f dt2 + f−1dr2 + r (dy21 + dy22 + dy23) , e
2√
6
φ
= r ,
f = 2r (89g
2 +
λ2
4r3
+
µ
r3/2
) , A(1) = λ r
−3/2 dt A3(1) = 0 . (4.17)
This solution preserves half of the N = 2 supersymmetry provided µ = 0. As in the D = 7
and the D = 4 cases, we find that the Killing spinors are given by
ǫ = [
√
h1/2 − 1√
2
λr−1 −
√
h1/2 + 1√
2
λr−1 γ1](1 + iγ0)ǫ0 , (4.18)
where h = 169 g
2r+ 12λ
2r−2. This m = 0 solution, with k = 0, corresponds to a domain-wall
black hole of the S3 × IR2 compactification obtained in the previous subsection.
5 Conclusions
We studied in detail a class of consistent Kaluza-Klein sphere compactifications of string/M-
theory whose effective theories reduce to gauged supergravity theories that do not admit
anti-de Sitter (AdS) space-time as a vacuum solution. We refer to them as domain-wall
supergravities. This class of supergravity solutions can be viewed as particular limits of
24
the (standard) AdS gauged supergravity theories in D = 7, 4, 5, which are obtained as
Kaluza-Klein compactifications on S4 and S7 of eleven-dimensional supergravity and on S5
of ten-dimensional Type IIB supergravity.
We obtained specific limits of AdS gauged supergravity theories by taking certain mod-
uli, associated with the non-homogeneous deformations of Sn, to their boundary values,
which result in compactifications of string/M-theory on Sp × Rq (p + q = n) spaces and
correspond to domain-wall supergravities. We classified such possible limits for the abelian
truncations of the gauged AdS supergravities in D = 7, 4, 5. A particular instructive exam-
ple is a limit of M-theory compactifications on S4 which reduces to a compactification on
S3 × R, and a domain-wall supergravity in D = 7. This compactification can be reinter-
preted as a consistent compactification of Type IIA theory on S3. The limiting procedure we
employed highlights a geometrical interpretation of the massive, but ungauged supergravity
in D = 7 and the massless D = 7 gauged supergravity.
Since the sphere compactifications of the AdS supergravities are believed to be consis-
tent, it follows that the resulting domain-wall supergravities are consistent sphere compact-
ifications of higher dimensional supergravities as well. While these domain-wall supergrav-
ities were obtained as certain limits of AdS supergravities, they now stand as valid sphere
compactifications in their own right.
Typical solutions of domain-wall supergravities are of the (black-hole) domain-wall-type,
i.e. asymptotically the configurations have non-constant scalar fields. We have shown how
some of these solutions can be obtained as limits of the existing (black-hole) solutions of
the corresponding AdS gauged supergravities. However, we have also found new classes of
domain-wall black holes that cannot be obtained as special limits of the AdS supergravity
solutions and have shown that they are supersymmetric. These sets of solutions may play
an important role in the study of the dual quantum field theories (QFT), according to the
proposed domain-wall/QFT correspondence [15].
Note added:
After this work was completed, a paper appeared in which the complete non-linear
ansatz for the S4 reduction of D = 11 supergravity was presented [34].
Appendix
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A A class of domain-wall black holes
Let us consider a bosonic system with the metric, a vector potential and a dilaton, with the
Lagrangian given by
e−1L = R− 12 (∂φ)2 − 14eaφ F 2(2) − V (φ) , (A.1)
where V (φ) is the scalar potential. We consider the following ansa¨tze
ds2 = −e2u dt2 + e2A dyidyi + e2v dr2 ,
A(1) = w dt . (A.2)
where u, v, w, C and the dilaton φ are functions of r only. The dimension of the space
dyidyi is p = D − 2. The equations of motion is then given by
u′′ + u′(u′ − v′ + pA′) = p− 1
2p
w′2 eaφ−2u − 1
p
V e2v ,
A′′ +A′(u′ − v′ + pA′) = − 1
2p
w′2 eaφ−2u − 1
p
V e2v ,
A′′ −A′(u′ + v′ −A′) = − 1
2p
φ′2 , (A.3)
φ′′ + φ′(u′ − v′ + pA′) = −12aw′2 eaφ−2u + V,φ e2v ,
(w′ eaφ−u−v+pA)′ = 0 ,
where a prime denotes a derivative with respect to r. This set of equations are self-
consistent, implying the existence of solutions.
In this paper, we showed that there exists a modulus limit for generic gauged super-
gravities, where the relevant part of the Lagrangian has the form (A.1) with
V (φ) = −12g2e−aφ and a2 =
2
p
. (A.4)
In other words, the Lagrangian has the form
e−1L = R− 12 (∂φ)2 − 14e
√
2/pφ F 2(2) +
1
2g
2 e−
√
2/p φ . (A.5)
In this case, the equations of motion (A.3) admit a closed-form solution, given by
ds2 = −f dt2 + f−1 dr2 + r dyidyi ,
f = 2r
(g2
p2
+
λ2
4rp
+
µ
rp/2
)
, A(1) = λ r
−p/2 dt , e
√
2/p φ = r . (A.6)
The solution describes a domain-wall black hole, whose geometry approaches a pure domain-
wall spacetime as r →∞.
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